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Recent research in numerical linear algebra has been exploring randomization techniques to
increase efficiency. One attempt is to look at Monte Carlo methods. A recent paper published in
2017 [1] looks at diffusion Monte Carlo methods for applications to common numerical linear al-
gebra problems such as matrix exponentiation, linear systems and eigenvalue problems. Diffusion
Monte Carlo methods are a set of methods that study zero-temperature quantum systems. One
common application of diffusion Monte Carlo is for computing ground state’s energy of electrons
which is equivalent to computing the smallest eigenpair. The advantage that Monte Carlo methods
have over typical numerical linear algebra techniques is that they can work for problems of far
larger dimensions. This paper has been motivated by the recent application of diffusion Monte
Carlo schemes to matrices as large as 10'% x 101%% [2].

In order to understand how to apply diffusion Monte Carlo to general linear problems, we will
consider an outline of the derivation for these methods. Diffusion Monte Carlo starts with the
imaginary-time Schodinger equation:

0w = —Hu,
where H is the Hamiltonian operator and v is a vector. This equation can be solved using the
following iterative method:
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The end goal of these methods is to introduce randomizations and include a sum of weights at a
set of given points. We will denote the random approximation of v, as V. The first step is to
approximate the integral using the following randomization:
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a special case of the Feynman-Kac formula, where f is a test function, B; is a standard Brownian
motion evaluated at time s > 0. So, now if we let
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where K. is the discretization of e~**. We can then rewrite the iterative method as
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where weights are recursively defined
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After the first step, we get the desired form for V,". However, in order to decrease the error
introduced in the first step of randomization, we need to control the variance.

The second step is to control the variance. Error is introduced because the points & J(j ) do not
reference the potential U (sampled from m independent Brownian motions). In diffusion Monte
Carlo, this can be accomplished by removing the points with very small weights and duplicate
points with large weights such that

E[Y;" V"] = V",

where Y, is an approximation of V. Overall, the cost of each iteration is dominated by the first
step to approximating the iterative method(O(dm), where d is dimension of problem and m are
the number of nonzero entries in solution).

The method developed in this paper, fast randomized iteration, follows closely to diffusion
Monte Carlo except the focus is on the second step discussed above. Fast randomized iteration:

i1 = M@ (V™)

where @7 : C* — C" satisfying E[®}"(v)] = v and M is an operator. The second step for
approximating the solution in diffusion Monte Carlo is applied through the function @ called the
compression rule or scheme. Again, the purpose of the compression rule is to control the variance
along with being a sparsifier of the solution vector. One simple example of a compression rule is:
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where each [V; is a random, nonnegative, integer. Note that this compression rule does not increase
sparsity as error increases which drives the efficiency of fast randomized iteration. The method
used by the authors of this paper is demonstrated in Algorithm 1.

The main competitor involves a simple scheme that is called truncation-by-size (TbS). Tbs is
a thresholding method that sets every element of the solution vector to zero if its index is greater
than the index of the largest element of the solution vector. Some of the numerical results found
by comparing fast randomized iteration to TbS are presented in Figure 5 and Figure 6. Results are
based on a matrix arising in the spectral gap of a diffusion process governing the evolution of a
system of up to five two-dimensional particles. The resulting matrices are of size up to 102° x 10%°.
Figure 5 has matrix size 10'® x 10'® and varies the number of nonzero entries in the solution
vector. Note that for this specific problem, fast randomized iteration converges to the same solution
independent of the number of nonzeros used. In Figure 6, the results show only fast randomized
iteration with a matrix size of 10%° x 102,



Algorithm 1 A simple compression rule.

Data: v € C" with all nonzero entries, m € M.

Result: V = ®™(v) € C" with at most m nonzero entries.
T =0

V=10

r= ol /m:

o, = argmax; {|vi| };

while |v;_,, | > r do

=" 4+1;

v
Voo = Vo
TJ'J,_ulu = U

r= vl /(m—7");

g1 = argmax;{ |vi|};
end
For each j let N; be a nonnegative random integer with E [N [ v] = (m—7")v;|/||v]|1-
Finally, for j € {1,2,....n}"\ {o1.09..... 07}, set
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(Note that v here may fewer nonzero entries than it did upon input.)
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Fig. 5 Trajectory averages of the approzimation, AT af the largest negotive eigenvalue of a back-
wards Kolmogorov eperator for a four two-dimensional particle (eight-dimensional) system,
with 95% confidence intervals for the FRI method with m = 1, 2, 3, and 4 x 10*. The opera-
tor s discrefized using a Fourier basis with 101 modes per dimension for a total of more than
100 pasis elements (half that after taking advantage of the fact that the desired eigenvector
is real). The step-size parameter = is set to 1073, Also on this graph are shouwn trajectories
of A[* for the TbS method for the same values of m.
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Fig. & Trajectory of the approzimation, A" (solid line), of the largest negative eigenvalue of a
backwards Kolmogorow operator for the five-particle system as computed by the FRI method
with m = 10°% over 2 x 10% iterations. The total dimension of the discretized system is more
than 1020, The average value of A" (ignoring the first 500 iterations) is —1.3 and is shoun
by a horizontal dotted line.
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