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Shape Optimization with PDE constraints and

Boundary Element Methods by Example
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What is Shape Optimization?
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Figure 8.9. Optimal airfoil profiles.

@ Sizing: Thickness and scale; Shape is constant
@ Shape: Topology is constant

@ Topology: Example: “How many holes?”
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Shape Optimization Problem

Min/Max objective function f()
subject to constraints g(Q2) = ¢ h(Q) < d

where Q is some shape/topology/geometry



Shape Optimization Problem Example

-1.0 -0.5 0.0 05 10

Maximize Bending Rigidity B(Q2) = /Qyzdx

subject to Volume, Torsional Rigidity, Center of Mass constraints
V(Q) = /Q dx= Vo T(Q)=2 /Q u(x)dx = Ty X(Q) =0
where Q is a 2-D shape and u is a solution to:

Au=—-20nQ and u =0 0n 90N
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The Big Picture

e Formulate/Quantify/Construct the optimization problem
o lteratively optimize

e Solve the PDE problem
e Update Q
o Repeat until convergence or termination

@ Geometric result and example



Formulate shape Q2

@ Given Q2 is a 2-D star shape.
o  corresponds to 02

@ Let r be a smooth function, treated as a radius of the shape,
with r(0) = r(2m)

0Q = {(r(¢) cos(¢), r(¢)sin(¢)), ¢ € [0, 2]}



Formulate shape Q2

o Given Q is a 2-D star shape.
@ {2 corresponds to 0f2

@ Let r be a smooth function, treated as a radius of the shape,
with r(0) = r(2m)

00 = {(r(¢) cos(¢), r(#)sin(¢)), ¢ € [0, 2]}

e How do you formulate r(¢)?



Formulate shape Q2

@ Given Q is a 2-D star shape.
@  corresponds to 0f2

@ Let r be a smooth function, treated as a radius of the shape,
with r(0) = r(2m)

90 = {(r(¢) cos(¢), r(¢) sin()), ¢ € [0, 27]}

@ Choice Made: Fourier series

r(¢) = ap + i ajcos(i¢) + bjsin(i¢)

i=1



Formulate shape Q2

@ Given Q is a 2-D star shape.
@  corresponds to 0f2

@ Let r be a smooth function, treated as a radius of the shape,
with r(0) = r(2m)

90 = {(r(¢) cos(¢), r(¢) sin()), ¢ € [0, 27]}

@ Choice Made: Fourier series + Approximation to 2N + 1 terms

N

r(¢) ~ ag + Z aj cos(ip) + bjsin(i¢)

i=1



Formulate shape Q2

@ Given Q is a 2-D star shape.
@  corresponds to 0f2

@ Let r be a smooth function, treated as a radius of the shape,
with r(0) = r(2m)

90 = {(r(¢) cos(¢), r(¢) sin()), ¢ € [0, 27]}

@ Choice Made: Fourier series + Approximation to 2N + 1 terms

N

r(¢) ~ aog + Z ajcos(ip) + bisin(ip) <> {ao, a1, b1, ..., an, by}
i=1



Formulate integrals involving €2

r(p) = a0+ XN, a, cos(i¢) + bisin(ig)

A(Q) (r) ~ sycay Jo (cos(9),sin(0)) r(¢)>de =
° B(Q)=B(n)~ fg yzdx = 7 Jo" sin(¢)r(¢)*d¢
V(Q) = V(r) = fgdx = § [§" r(¢)?d¢
T(Q)=T(r) =2 [qu(x)dx =777

(0,

0)



Formulate Lagrangian of Optimization Problem

L(Qa A) = L(307 ai, bla <.y an, bN7)\V7 A'I—y)\x)
=—B(Q)+ Ar(T(Q2) — To) + Av(V(Q) — Vo) + Ax - X



Formulate Lagrangian of Optimization Problem

L(Qv)\) = L(‘307317b17 <oy dp, bNa)\Vv)\Ta)\X)
= —B(Q) + Ar(T(Q) — To) + Av(V(2) — Vo) + A« - X()

VLa(2,A) =V, byL(a0, a1, b1,. .., an, by, Av, AT, Ax)
— _VB(Q) + ATV T(Q) + AV V(Q) + Ax - VX(Q)

VLA(2,A) = VayaraL(ao, a1, b1, ... an, by, Av, AT, Ax)
=(T(Q2) — To, V() — Vo, %(2))



Formulate integrals involving €2

o Vr(p) ~
(1, cos(¢),sin(¢), cos(2¢),sin(2¢), .. ., cos(Ng),sin(Ng))
o VX(Q) = [§7 Vr(9) (cos(9),sin(¢)) r(¢)*de
o VB(Q) = [§7 Vr(¢)sin?(¢)r(¢)°ds
o VV(Q) = [§" Vr(¢)r(¢)ds

) )r
o VT(Q) = & Vr(6)r(0) (3(9))" do



First Order / Gradient Descent Method

For some positive constant ¢ and assuming (£, \o) is “close” to
optimal solution (Q*,\*). For k =0,1,2,...:

Qxt+1 = {a0, a1, b1, ..., an, bn }k+1
= {‘307 a1, b17 -5 AN, bN}k - CVQL(Qv)\)

Ak+1 = Ak + CV)\L(Q, )\)

Stop iteration if VqoL(Q,\) < e~ 0.



Solving for the stress function u

Need to compute at each iteration for a given Q:

T(Q) =2 /Q u(x)d(x)

V@)= [ Vo)) (3e0)) oo
where

Au=-20nQ
u=0on 00



Conversion to Boundary Integral Equation

For x € Q, let x = (x1,x2) and q(x) := (1/4)(x% + x3) where
Aqg = 1. By Green's Second ldentity:

/Qu(x)dx:/ﬂu(x)Aq(x)dx:—2/Qq(x)dx—/8 @(s)q(s)ds

Q On



Conversion to Boundary Integral Equation

For x € Q, let x = (x1,x2) and q(x) := (1/4)(x% + x3) where
Aqg = 1. By Green’s Second ldentity:

/Qu(x)dx:/Q u(x)Aq(x)dx = —2/ dx_/acz %(s)q(s)ds

:_;/% yido - /Qan
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Conversion to Laplace Equation

Let v(x) := —(1/2)(x2 + x3) where Av = —2. Deconstruct u:
u=v+w
such that:

u=v+w=0—=w=—-vonQ
Au=Av+Aw=-2+Aw=-2—=Aw =0 on 90N

Solve for w under Laplace conditions.



Solve by Second Layer Potential

Analytical solution for Laplace Equation:

G(x—y) = —% log (x —y)

1 <ny,X _y>

R NCET)

Let double layer potential:

Dox) = o- [ XY o(y)ay

" 2mJoa x—y|P
w(x) = Do(x)
8—W(x) = D'o(x)



Solve by Second Layer Potential

Analytical solution for Laplace Equation:

ax—w=—5%bax—w

1 (ny,x —y)
2r(x—y) (x—vy)

V,G(x—y) ny=

Let double layer potential:

Do) = o [ XY o(y)ay

" 2mJon x—y|P
w(x) = Do(x)
ow ,
%(x) = D'o(x)

What is o(x)?



Solve by Second Layer Potential

Analytical solution for Laplace Equation:

G(x—y) = —% log (x —y)

1 <"y7x — Y>

WY T oy - y)

Let double layer potential:

Do) = 5 [ X W o)y

" 2m Joa |x—yIP
w(x) = Do(x)

ow ,
%(x) = D'o(x)

What is o(x)?
Discretization of 02 with Boundary Element Method



Poking the Potato / Solving for o(x)

Discretize 02 into n points: x1, X2, ..., X, and boundaries

............
075 o~ .
L]

L ]
[
.
.
0.00 .
[ ]
L]
.
.

o(x1)/2 + Do(x1) o(x1) —v(x1)
o(x2)/2 + Do (x2) _ 124D O'(?Q) _ —v(x2)

o(x)/2 + Dor(x0) o(x0) (%)
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Approximating boundary integral equations

:100 teec®
-1.0 -05 00 05 10
ou 4 ou
—(s)q(s)ds = / —(s)q(s)ds
f gn@aeas =3 [ Ss)ale

_Z/lan

q(s(t))Is'(t)ldt

Or any other numerical integration techniques given n observations

fau

9, over boundary 99).



Back to First Order Gradient Descent

VLQ(Qu )\) = vél(),...,b,\l L(a()u a1, bla -..y 4N, bN7 )\Va )\Ty )\X)
= —VB(Q)+ AtV T(Q)+ AV V(Q) + A\ - VX(Q)

VLA, A) = VayaraL(ao, a1, br, - . ., an, by, Av, A1, Ax)
=(T(Q) — To, V() — Vo, x(2))

Qk+1 = {307 ai, bl) <oy AN, bN}k-‘rl
= {307 ai, bl) ey dN, bN}k - CVQL(Qa/\)

Akt1 = Ak + cVAL(, )



Back to First Order Gradient Descent

VL0Lao(2,A) = V... byL(a0, a1, b1, ..., an, by, Av, A1, Ax)
— _VB(Q) + ATV T(Q) + AV V(Q) + A - V(Q)

VLA, A) = VayaraL(ao, at, by, . .., an, by, Av, AT, Ax)
= (T(Q) — To, V() — Vo, x())

Qiy1 = {a0, a1, b1, ..., an, byttt
= {ao, ai, bl, ey dN, bN}k — CVQL(Q, )\)

Akr1 = A+ CV,\L(Q, )\)

That completes one iteration of the method. Do it again.
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Geometric Results
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2 K. EPPLER AND H. HARBRECHT
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Optimal Solution

o If 2w Ty > V02, then no solution exists.

@ Otherwise, the optimal shape Q* and Lagrange multiplier \*
is given by:
Q =x>4+a’=b

where

Vi VZ — V& —4n2T?
b 0va Jiz 2 \V Vo 0
T

27 To
* VO * (1 + 3)2 *
N=rmicy T s 00

e Optimal value for B(Q*) = 47‘;?/22




