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Stokes PDEs

uV2u—Vp+f=0
V-u=

where u is the velocity vector, p is the viscosity, p is the pressure and f is
the force.
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Stokes PDEs: 3D case

@+82v+82v 7@+f_0
H\ ox2 dy? = 0z2 ay 7V
Pw  Pw  Pw op
a <8X2 dy? 822> E—Ffz 0
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Green's Function solution: The Stokeslet

where
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Green's Function solution: The Stokeslet

u |r|? 4 x2 Xy Xz ‘
v _ 1 Xy r|? 4 y2 yz fX
w 8| r|3 xz yz |r|? 4 22 ,3/
p 2pux 24y 2uz z
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Current implementation

pytential uses 9 kernel functions. (Reuse 3 kernels)

Drawbacks of this method are,

@ Takes more storage than necessary
@ Redundant computations

e Derivative relationships in Taylor series
e Common Subexpression Elimination
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Revisiting local expansion

Let x be the targets and y be the sources and f be the charge/force

DRf(y)o(x — )|
Fox—y)~ > o x o)
Ipl<k
F(y)DEp(x—
Here W depends on source and center, while (x — ¢)P
depends on target and center
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Local expansion for Stokes

In the stokes equation case u is a linear combination of 3 functions
@1, ¢2, ¢3 and there are 3 charges f1, f, f3

3
ulx —y)= Z fi(y)oi(x —y)
i=1
D (23 fily)pi(x — _
. (2, (yfj o) b

lp|<k
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Revisiting multipole expansion

Let x be the targets and y be the sources and f be the charge/force

DRop(x = y)|,_.
F)p(x —y) = Fly) D o - (y— o)
Ip|<k '
or equivalently
DEp(x — y)|

F)o(x—y)~ > Y= (y)(y —c)”

|p|<k

p!

D2o(x—y)| _ .
Here ————*=< depends on target and center, while f(y)(y — ¢)P

depends on source and center
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Multipole expansion for Stokes

In the stokes equation case conside the first velocity component u which is

a linear combination of 3 functions ¢1, ¢2, ¢3 and there are 3 charges
f,f,f3

E 3 DEGi(x —y)|, .

u(x—y) = Y 6oil—y) = Y [ ) Y o

i=1 i=1 p|<k

3 DPoi(x — y))|
u(x —y) ~ le (Z .

i=1

(y—o)f

=)y - C)”)

Needs 12 multipoles
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Multipole to local translation for Stokes

Let ¢1,1, 012,913,921, .., ¢33 be the 12 multipole kernels.
Then,

u=¢11+dd12+¢13
V=021+ P22+ $23
w=¢31+ P32+ P33
P= 041+ Pa2+ a3
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Stokes PDE Derivatives

Pu  0%u  d%u op
/L(ax2+ay2+az2>ax+fx—0 (1)

v 0*v  d%v op
<6x2+8 az2>_ay+fy:0 @)

Pw  0’w  Pw op
<8x2+8y2+822)_8z+f20 (3)
ou ov, ow_ "
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Stokes PDE Derivatives

(g i) G o
G5 Lo o
gﬁ;+g;+(‘;j:o (4)

%4_%4-8(3) gives us
@+£+i:0 (5)

Ox2  Oy?  0z2

Pressure term satisfies the Laplace equation !
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Laplace Derivative Reduction

Pp 0*p 0°p

x> oy? " 022

8a+b+2p 8a+b+2p N 8a+b+2p 0

8Xa+2yb 8x3yb+2 axaybz2 -
8a+b+2p B 8a+b+2p 8a+b+2p
axaybz2 - _8Xa+2yb B axayb+2
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Laplace Derivative Reduction
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Stokes Derivative Reduction

Pu_Pu 20\ _0p
H\ ox2 dy?  0z2

aa+b+2u _ 1 8a+b+1p aa+b+2u aa+b+2u
8Xayb22 - ﬁ 6Xa+1yb B aXa+2yb B 6Xayb+2
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Stokes Derivative Reduction

ox2 " 9y? T 022

2 2 2
u(a”+8”+a”>+fxzo

8Xayb22 - ﬁ

aa+b+2 u 1 <8a+b+1p aa+b+2 u

aa+b+2u
6Xa+1yb - aXa+2yb - 6Xayb+2

oy, Py e
F\ ax2 dy?  0z2

aa+b+2 v 1 aa+b+1p 8a—|—b—|—2 v
= ﬁ <8Xayb+1 - axa+2yb - axayb+2

axaybz2 o
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Stokes Derivative Reduction

Pu  0%u  d%u op
M(ax2+8y2+622>+fx—0 (1)

aa+b+2 u 1 <8a+b+1p aa+b+2 u aa+b+2 U>

8Xayb22 = ﬁ 6Xa+1yb B aXa+2yb B 6Xayb+2

ﬁ‘i‘ﬁ"ﬁ‘@ ?y+®:0 (2)

aa+b+2 v 1 ( aa+b+1 p 8a+b+2 y 8a+b+2 V>

<82v 9%v 82v> op
M [R—

Oxybz2 = 1 \ Oxaybtl  gxat2yb  xayb+2
ou Ov Ow
T o) 4
ox + dy + 0z (4)
Hatb+1y, gatb+ly, gatb+ly,

- (©

dOx2ybz T 9xatlyb  gxaybtl
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Stokes Derivative Reduction

8a+b+2 u 1 aa+b+1p aa+b+2 u 8a+b+2 u
Oxaybz2 ~ i \ Oxatlyb  Gxat2yb  jxaybt2 (a)
aa+b+2 v 1 aa+b+1p 8a+b+2 v 8a+b+2 v
Oxaybz2 — 1 \ Oxaybtl — gxat2yb ~ gxaybi2 (b)
aa+b+1 w 8a+b+1 u aa—i—b—f—l v
=— — c
aXabe 8Xa+1yb 8Xayb+1 ( )
8a+b+2p 8a+b+2p 8a+b+2p
= - d
8Xayb22 8Xa+2yb axayb+2 ( )
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Stokeslet Kernel Derivative Reduction

u |r|? + x2 Xy xz ‘
vi 1 xy  rP+y? oz ¢
w|  8mu|r]3 xz yz |r|? + 22 fy
p 2ux 24y 24z i

[u v ow p] satisfies the Stokes PDEs
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Stokeslet Kernel Derivative Reduction

u |r|? + x2 Xy xz ‘
vi 1 xy  rP+y? oz ¢
w|  8mu|r3 xz yz |r|? + 22 fy
p 2ux 24y 2uz i

[u v ow p] satisfies the Stokes PDEs

Ug |r|? + x2
vol| 1 Xy
wo 8mulr|3 xz
Po 2pux

[up vo wo po] satisfies the Stokes PDEs
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Questions?
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