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The Goal

For this project, the goals were to implement a model for the
Python package pytential for tackling the Maxwell Equations for
perfect conductors using QBX and the Decoupled Potential Integral
Equation (DPIE) formulation. The main expectation with using
this model, versus the Magnetic Field Integral Equation (MFIE), is
better resolution and convergence across different frequencies.
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A Little Context

Building cool stuff like radars, missiles antennas, medical imaging
tech, and more benefit a lot from solving the Maxwell Equations to
solve some tough Computational Electromagnetics problems
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Early Warning Radar Raytheon AGM-176 Griffin
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Industry needs Robustness and Efficiency

For people in industry working on systems that can be modeled
with Partial Differential Equations, there are a few key features for
a solver that will make it more likely to be adopted:

@ Solver must be fast

@ Solver must be accurate

@ Solver must be robust

WELL, LIKE DUH.
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Industry needs Robustness and Efficiency

Those demands are lofty. Fortunately, Integral Equation based
solvers make hitting all those targets feasible. Using Integral
Equation based solvers, we can get the following:

@ Excellent convergence rates

@ Excellent conditioning properties

@ Ability to accelerate computations using the Fast Multipole
Method (FMM) and other hierarchical algorithms
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Electromagnetic Scattering on Perfect Conductors
Many problems can be approximated as electromagnetic scattering
with perfect conductors, so modeling these problems is our goal.

Discussion on the modeling in the slides to come is based on [1].

Einc(x‘t)
Hi"C(X,

Esca‘(x , t)
H scal(x ‘t)

Christian Howard QBX and the DPIE for the Maxwell Equations



Electromagnetic Scattering on Perfect Conductors

For a fixed frequency w, the electric and magnetic fields, £ and H,
take the form:

E(x,t) = R{E(x)e ™"}
H(x,t) = R{H (x)e ™'}
where R{z} returns the real part of z. We can then represent

E(xz) and H(x) as a sum of incident (known) and scattered
(unknown) fields:

E = Einc + Escat
H = Hinc + Hscat
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Electromagnetic Scattering on Perfect Conductors

The equations to be solved take the form:

o Maxwell Equations
VXxFE=iwuH, VxH=—iweE

@ Sommerfield-Silver-Miiller Radiation Condition

Hscat(x) % % _ %Escat(w) = O(|£L'|*1)’ |z| — o0

@ Perfect Conductor Boundary Conditions

(’I’I, % Escat) |8D — _ (n % Emc) |8D
(,n . Hscat) |8D — _ (n . Hinc) |8D
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Electromagnetic Scattering on Perfect Conductors

Some other useful relationships for modeling the problem are

(n-E) !aD=§|3D
(nx H)|sp = J|op
Ve J =1iwp

where J and p are the induced current density and charge on 9D
and V- J represents the surface divergence of the tangential
current density.
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Magnetic Field Integral Equation

The Magnetic Field Integral Equation (MFIE) can be used to
model electromagnetic scattering for perfect conductors. The
formulation begins by defining E*“* and H*“* using the Lorenz
gauge vector and scalar potentials, A% and ¢**

Escat — ,L-wAscat - V¢scat

Hscat — lv % Ascat
2

with the Lorenz gauge relationship defined as

AV Ascat — Z'CL)/J,GQbscat
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Magnetic Field Integral Equation

We then define the A% and ¢*“® based on the induced surface

current J and charge p using Single Layer Potentials in the
following manner:

AT\ @) = pSilT@)  =p [ e =) Tw)aA,
#lil@) = Sille) = [ ale - wplwia,

with k = w,/ep and the kernel being defined as:

eik|m|
gk()

" 4n|z]
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Magnetic Field Integral Equation
Using H%¢t = %V x A% and the boundary condition
(nx H)|yp = Jlyp

the Magnetic Field Integral Equation can be found to be the
following:
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Magnetic Field Integral Equation

After obtaining J, one can obtain p via the continuity equation

Vs J =1wp

where V- J represents the surface divergence of the tangential
current density. Alternatively, you can back out ¢*“® using the
Lorenz gauge relationship:

1
¢t = LV S L]

From here, obtaining E*“® and H*“ is straight forward.
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Problems with MFIE

The MFIE is ill conditioned as w — 0. To back out E*“! and
H** need to perform computations with w™! which leads to
catastrophic cancellation. For example, p is computed by

Vs-J

WE

10:

Additionally, for w = 0 in multiply-connected domains, MFIE has a
nonzero nullspace dimensionality equivalent to the genus of 0D
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The Decoupled Potential Integral Equation

The premise for this formulation is to impose boundary conditions
on the potentials ¢ and A instead of the fields E and H, in hopes
the resulting integral equation can be better conditioned,
insensitive to the topology of the domain, and remain straight
forward to solve.

THINGS JUT GOT
INTERESTING
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The Decoupled Potential Integral Equation

First, the boundary conditions that will be imposed on the vector
and scalar potentials are the following:

(’I’L % Ascat)
(n % véscat)

— (nx A™) lop
- _ (n % véznc)

lon

‘8D ‘8D

These boundary conditions for the potentials can be shown to
satisfy the Maxwell equations, radiation condition, and perfect
conductor boundary conditions.
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The Decoupled Potential Integral Equation

Next is important to note that the Lorenz gauge condition does not
uniquely determine what form the potentials A and ¢ take. Due to
this, A and ¢ can be chosen to cast the problem into a more ideal
form. For an incoming plane wave with a polarization vector E,
and propagation direction w, the incident fields can be written as

Einc — E eiku-m
- p

. € .
inc __ iku-x
H™° = \/;u x Epe

The standard potentials are A"¢ = % "¢ = 0, but these can
be modified to the stable form

Ainc — —u (w . Ep) \//Eeiku-w

(z)mc — —p- Epezku-w
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The Decoupled Potential Integral Equation

To handle uniqueness of the vector potential solution A% for all
k > 0, the scalar Helmholtz is modified to

A¢scat + k2¢scat -0
¢scat’8Dj — f + V}

/ (Vo™ - m)ds = Q;
oD;

where flop, = —¢inc\apj and Q; = — faDj (Vo™ -n) ds
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The Decoupled Potential Integral Equation

To handle uniqueness of the vector potential solution A% for all
k > 0, the vector Helmholtz is modified to

AAscat + kZAscat =0

(’I’I, % Ascat) |8D — .f
n- Ascat|8Dj = h+Uj

/ (n X Ascat) ds = qj
aD;
where flop, = —n x A™|yp , h ==V - A"|5p and
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The Decoupled Potential Integral Equation

Note the following operator definitions

Suo = /a (@~ y)ow)id,

Yk
Dyo = —(x —y)o(y)dA
o= | G —yow)aa,
! g
Spo = x—y)o(y)dA
o= [ S @ - yolw)a,
/ 0 7]
Dyo = P (x — y)o(y)da,

877/3; 8D 8ny

where gi(x) is again defined as

€1k|w|
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The Decoupled Potential Integral Equation

After the modification to the scalar and vector Helmholtz, the
scaled DPIEs for the scalar potential is

N
2 .
2+Dka—szka—Z;Vij =f
=

/ < Dka + z sz0> ds = —QJ
op; \k

with unknowns {V;}, o for a representation of ¢*“*(x) as

¢*"!(x) = Dy[o](x) — ikSk[o])(x)
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The Decoupled Potential Integral Equation

After the modification to the scalar and vector Helmholtz, the
scaled DPIEv for the vector potential is

1/a - (a 5 (a 0 _(f
2 <p> o <p> il <p> ! (Zﬁil vaj) - <Z>
/ (n-V x Sga —kn- S, (np))ds+
oD,

z‘/aDj(kn-Sk(nxa)—g—l—S,;p)ds:qj

with L, R are defined on Slide 28 and with unknowns {v,}, a, p
for a representation of A% (x) as

A (@) =V x Syla)(x) — kSknp) (@)
i (kSeln x al(e) + VSilpl(@))
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Quadrature by Expansion

The goal of QBX is to accurately handle evaluation of layer
potential integrals on a boundary 0D where singularities can exist
due to the integral operator kernel.

D
3D | ext

The idea is to perform an order p expansion of some integral
operator Ko(x) from some location ¢ and used that to evaluate
Ko(x) at some boundary location & where a singularity might
exist. Given the field is smooth when restricted to the interior or
exterior of the domain, this method is robust and accurate [2].
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Quadrature by Expansion

Using QBX, one can create robust and accurate discretizations of
integral equations to solve for unknown densities and evaluating
layer potentials for any representations one cares about.

YOU'RE AWESOME @BX

- "

ND YOU KNOW IT

In the context of solving the DPIE system of integral equations,
this method is worthwhile to use for both its robustness and
accuracy properties.
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Numerical Results

ONE DOES NOT S MPLY’

e

SOLVE INTEGRAL EQUATIONS
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Questions

Questions?
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The DPIEv System Operators

Where L and R are defined as

() = 1}11(1 + 1:4120
P Loja + Loop

R (a> _ (Rna + R12,0>
p Ra1a + Raap

where
Lija=n x Sia Riia=kn x Syn X a
Lizp = —kn x Sy, (np) Rizp=n x VS (p)
[_/glazo Rgla:V-Sk(nxa)
Losp = Dyp Raap = —kSkp

Christian Howard QBX and the DPIE for the Maxwell Equations



	Appendix

